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Abstract

Just as colour image quantization can be viewed as simplification of three dimen-
sional colours in a two dimensional image, model simplification can be viewed as
quantization of three dimensional normal vectors on a two dimensional surface. Thus
many of the approaches used in quantization can be applied to the problem of model
simplification.

A model simplification algorithm is presented that is based on the splitting al-
gorithm from quantization literature. The algorithm works in reverse by expanding
from a coarse to a fine model. Traditionally, curvature is defined in an infinitely
small local area. This algorithm measures orientation change in larger patches with
techniques inspired by definitions of curvature from differential geometry. With these
measures, the algorithm determines which portion of the model to partition next,
and how to partition it. The algorithm can accept non-manifold input models and is
capable of simplifying topology. It produces good quality simplifications and is faster

than most other simplification algorithms.
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Chapter 1

Introduction

Many of todays computer graphics applications, such as virtual reality environments
and data visualization, require the ability to display very large and complex models
and/or datasets. Both types of environments require the data to be rendered as
quickly as possible. While hardware is getting faster the size and complexity of
models and data sets continue to grow and surpass the hardware’s ability to render
them in the required amount of time. No matter how fast the hardware is there will
always be a model or dataset that it can not display fast enough.

One way to display these large models and datasets is to reduce their size and
complexity, but they have to be reduced in such a way as to resemble the original
as much as possible. This is where model simplification algorithms come in. Model
simplification algorithms are able to reduce the model’s size and complexity such that
the hardware is able to display the model in the required amount of time, but still

have the simplified model resemble the original.

1.1 Background

Model simplification is the process of reducing the number of polygons in a model
while preserving the shape and/or appearance of the original. There are three main
approaches to model simplification; each approach makes a tradeoff between simpli-

fication speed and the quality of the simplification.



1.1.1 Vertex Clustering

The fastest approach is vertex clustering but it produces the poorest simplifications.
Vertex clustering algorithms simplify by subdividing the model’s volume into clusters
and then selecting a representative vertex from each cluster. The simplified model is
formed by retriangulating the representative vertices. The size of the clusters dictate

the size of the simplified model; the larger the clusters the smaller the model.

1.1.2 Decimation

Decimation techniques tend to produce better simplifications than vertex clustering
but they are slower. These algorithms locate roughly planar regions on the surface of
a model and retriangulate them with fewer polygons. The amount of simplification
is controlled by setting a coplanarity threshold, which dictates how flat the region
has to be before the region can be approximated by fewer polygons more closely

approximating a plane.

1.1.3 Vertex Merge & Edge Collapse

Vertex merge and edge collapse approaches produce the best simplifications but they
are the slowest of all the approaches. These algorithms simplify by determining
the best pair of vertices to merge, they then merge them, compute a representative
vertex, and repeat the process until the required model size is reached. Edge collapse
algorithms are vertex merge algorithms with the constraint that only vertices that

are connected by an edge are merged.

1.2 Motivation

As stated above, model simplification is the process of reducing the number of poly-
gons in a model while preserving the shape and/or appearance of the original. Quan-
tization is the process of taking a set of values and creating a smaller set of values to
represent the larger set. These two processes are similar since both find a smaller set
of elements to represent a larger set as optimally as possible.

By viewing simplification as a kind of quantization, it is possible to form a new

taxonomy of existing model simplification algorithms. This quantization-based tax-



onomy also suggests possible avenues for the creation of new model simplification
algorithms.

Most simplification algorithms trade speed for quality. Algorithms that produce
good quality simplifications tend to be very slow and algorithms that produce low
quality simplifications tend to be fast. The problem is that the good quality simpli-
fication algorithms are very slow with large input models because their complexity is
nlogn. The fast algorithms have a linear complexity but produce very poor simpli-

fications. Thus, there is a need for an algorithm that is:

1. fast,
2. the simplification speed should be linear with model size, and

3. produces reasonable quality simplifications.

1.3 Objectives

The goal of this research was to develop a simplification algorithm that is fast and
produces reasonable quality simplifications. The algorithm had to fulfill the following

criteria:

1. The complexity of the algorithm had to be linear or near linear so that it is
able to simplify very large input models in a reasonable amount of time. For
example, to simplify a model consisting of a million polygons should take a

couple of minutes or less.

2. The algorithm will be used to do drastic simplification of large input models;
on average the output model size will be one or two percent of the original size.
Thus, there was an implicit suggestion that the simplification should be done

in reverse; from coarse to fine.

3. Edges that are visually significant needed to be better preserved than in simpli-
fications created by conventional vertex clustering algorithms, especially large

features.

4. Disjoint components in a model should not be merged.



5. The computations in the algorithm should be simple and cheap since the em-

phasis of the algorithm is on simplification speed.

The solution was gleaned from quantization research. The result is a simplification
algorithm that uses vertex clustering techniques to track vertex connectivity and uses
splitting to simplify the model.

The following two sections, 1.3.1 and 1.3.2, briefly describe the algorithm and how

its performance is evaluated.

1.3.1 A Quick Overview of R-Simp

The algorithm tracks vertex connectivity (edges) using clustering techniques similar
to the ones described in Rossignac and Borrel[Ross93], but unlike [Ross93] it does
not use this technique to simplify the model. Instead of uniformly subdividing the
model’s volume and clustering the vertices in each subdivision, the algorithm varies
the size, orientation, and location of clusters based on the curvature of the surface.
The algorithm begins with the entire model contained within a single cluster. Clusters
are selected and split on the basis of the amount of curvature of the surface in the
cluster. This process iterates until the desired number of clusters (vertices) is reached.
Since the algorithm begins with the coarsest simplification and gradually increases
its complexity, it simplifies in reverse; most other simplification algorithms start with

a fine model and go to a coarse approximation.

1.3.2 Evaluation of Simplification Quality

The evaluation of the simplification quality was done qualitatively and quantitatively.
To provide reference points for comparison the results from two existing algorithms
were compared to R-Simp’s simplifications, a vertex clustering algorithm similar to
one proposed by [Ross93] and QSlim [Garl97]. The vertex clustering algorithm is
extremely fast but produces very poor simplifications. QSlim is a vertex merge al-
gorithm that is considerably slower but produces good simplifications. In terms of
quality and speed R-Simp is positioned between these two algorithms, and thus there

are reference points for comparison on either side.



Quantitatively, the algorithm was judged on its speed and geometrical quality.
The geometrical quality was assessed by Metro [Cign97], a tool that geometrically
compares two polygonal models and reports the maximum and mean geometrical
error (difference). Qualitatively, the simplified models of all three algorithms were
examined visually and informally to determine how well major features such as creases

and surface protrusions were preserved.

1.4 Contributions

This research makes several important contributions:

e Two measures, called curvedness measures, were developed to approximate cur-
vature at large scales. Most curvature measures from differential geometry work
locally around a point on a surface. These measures are sensitive to the orien-

tation change in large patches.

e The algorithm simplifies in reverse; from coarse to fine. This enables the algo-

rithm to find coarse simplifications quickly.

e The simplification process is linear for a fixed output model size. The algo-
rithm’s complexity is n;logn,, where n; is the input model size and n, is the
output model size; most vertex merge and edge collapse algorithms have a com-

plexity of n; logn,.

e The algorithm is based on splitting from quantization literature. It is believed

to be the first algorithm to use this quantization approach.

1.5 What Follows

In chapter 2, a brief introduction to quantization is presented and a quantization al-
gorithm taxonomy is described. Chapter 3 presents the previous work in the area of
model simplification. Several algorithms from each class of the quantization taxonomy
are presented and their strengths and weaknesses analyzed. The chapter also presents
several algorithms that preserve attributes on the surface of a model during simplifi-

cation, several algorithms that create level of detail hierarchies, and several adaptive



display algorithms. In chapter 4 a brief overview of curvature is given. Chapter 5
presents R-Simp, the simplification algorithm, and chapter 6 discusses the results
obtained from comparing R-Simp to QSlim[Garl97] and to a simple vertex clustering

algorithm. Finally, chapter 7 presents conclusions and possible future work.



Chapter 2

Quantization

Quantization is the process of selecting representative values for ranges of input val-
ues. The challenge is determining the representative values such that they optimally
represent the entire range of input values.

The work in this thesis relies specifically on vector quantization. This chapter
reviews the basics of vector quantization and several vector quantization algorithms

are presented.

2.1 Vector Quantization

Vector quantization is the process of selecting representative vectors from C C R” for
ranges of input vectors from & C R". A quantizer is a function @ : S — C where
C={v; e R* | 1 <i < N}. Cis called the codebook. The challenge is finding C
such that it optimally represents S. The codebook C partitions the set S since each
v; represents multiple vectors from S. A single partition of S is called a cell and
v; is called a centroid. The difference between a vector v; and an input vector v is
called the distortion. When the distortion for all © € S is minimal the codebook is
considered optimal.

In [Gers92|, Gersho and Gray present several quantization algorithms. Below, five

of the algorithms are reviewed.

2.1.1 Product Codes

Product code algorithms can be viewed as multilevel hash tables. They use scalar



quantizers that are applied to each element of the input vector; i.e:

Q(Uz) = {q(vil)a Q(Uiz)’ EE) q(vin)}

where ¢(u) is a scalar quantizer and the centroid is usually the weighted mean of
the elements in a cell. Unlike the other algorithms, those using product codes create
codebooks with cells of uniform size. Most other algorithms dynamically vary the size
of the cells to reduce distortion. This results in codebooks that are very suboptimal,
but because the algorithms do not have to dynamically vary cell size they are quite

fast.

2.1.2 Splitting

Splitting algorithms start with the codebook containing a single cell. The cell with
the most distortion is located and split. The splitting continues until the required
distortion or codebook size is reached. As in product codes the centroid is usually the

weighted mean of the elements in a cell.

2.1.3 Pruning

Pruning algorithms work by removing unnecessary entries from the codebook or by
adding elements to the codebook so that the distortion remains below a given thresh-
old. When the algorithm works by removing unnecessary entries from the codebook,
the codebook initially contains all the vectors in the input set S. Then, the cells that
increase the distortion least are removed. The number of entries that are removed
depends on the required size of the codebook or the distortion threshold. Alterna-
tively, the codebook is initially empty. Each input vector is considered in succession,
and if representing a vector v with the current codebook results in distortion greater
than a given threshold, the vector v is added to the codebook. Pruning algorithms
do not need to compute the centroid because the elements in the codebooks after the

quantization process are the centroids.

2.1.4 Pairwise Nearest Neighbour

Pairwise nearest neighbour algorithms work in reverse of splitting by merging pairs

of cells. These algorithms also set the initial codebook to contain all the vectors in



S. All possible cell pairs are considered and the pair that would introduce the least
distortion if merged is located. This pair is then merged to become a single cell. A
new centroid is computed for the new cell, which is usually the weighted mean of the
elements in the cell. Merging continues until the desired codebook size or distortion

tolerance is reached.

2.1.5 K-Means

The K -means algorithm creates the most optimal codebooks, but due to its complex-
ity it is to slow to be used. Also, there is a one to one mapping between the above
quantization techniques and simplification algorithms; no such mapping is known for
the K-means algorithm. This algorithm iteratively improves the codebook and the
centroids. During an iteration a new centroid is computed for each cell and then the
elements in the codebook are requantized, based on the new centroids, to minimize
the distortion. This process continues until the centroid values converge. The K-
means algorithm is the slowest of all the algorithms presented. Other algorithms are

often used to provide a good initial guess as input to K-means.

2.2 Quantization & Model Simplification

Simplification relates to quantization as follows: A centroid equates to a primitive in
the simplified model. For most vertex merge algorithms the centroid is the resulting
vertex from the merging of two vertices. For vertex clustering algorithms the centroid
is the representative vertex in a cluster. A cell equates to a collection of faces or
vertices. In this thesis a cell equates to a set of faces, which is called a patch, in the
original model.

There are a few ways in which model simplification differs from vector quanti-
zation. For example, on a three dimensional bunny model, a face from the ear and
tail would be a poor cell. In a colour image of the same bunny, two pixels of sim-
ilar colour, even if located on the ear and tail, make an acceptable cell. Thus, in
model simplification, two disjoint faces do not make up an ideal cell, while in image

quantization a cell with two widely separated pixels is perfectly acceptable.



Chapter 3

Previous Work

Much research has been done in model simplification. Model simplification deals with
the problem of polygonal mesh simplification, with preserving colour and texture on
model surfaces, and with creating level of detail hierarchies. This chapter will present
work done so far in these areas with a strong focus on polygonal mesh simplification.

Model simplification can be viewed as quantization of three dimensional normal
vectors on a two dimensional surface. Casting model simplification as quantization is
convenient because there is a strong correlation between the quantization technique
and the quality of simplification. Thus, quantization provides a good taxonomy for

existing simplification algorithms.

3.1 Polygonal Mesh Simplification

3.1.1 Background

Polygonal mesh simplification is the process of reducing the complexity of a polygonal
mesh by reducing the number of vertices, and hence the number of faces that make up
the mesh. Any simple polygon may be used to define a surface; most simplification
algorithms use triangles. This thesis assumes, without loss of generality, that all
surfaces are composed of triangles because any simple polygon can be triangulated
in linear time [Chaz91]. There are two main goals of mesh simplification, one, to
produce a simplified mesh that best approximates the original, and two, to do this as
quickly as possible. Unfortunately, these are opposing goals.

The problem of mesh simplification is cast as a vector quantization problem be-

cause quantization provides a good taxonomy for classifying existing algorithms based

10



on the algorithm’s simplification quality. Most simplification algorithms use one of
three quantization techniques: product codes, pruning, or pairwise nearest neighbour.
When applied to model simplification, Product code based algorithms are fast but
tend to produce low quality simplifications. Model simplification algorithms that
are based on pairwise nearest neighbour tend to be slow but produce better quality
simplifications. Model simplification algorithms that use pruning are in between the

other two techniques in terms of simplification speed and quality.

3.1.2 Algorithm Comparison Criteria

Several criteria are used to compare model simplification algorithms. The main two
criteria are the quality of the simplification and the simplification speed. Simplifi-
cation speed refers to the time it takes to process an input model and produce the
simplified output model.

Quality refers to how similar the simplified model is to the original. Both quanti-
tative and qualitative approaches are used to determine how well a simplified model
approximates the original. Most quantitative approaches measure the distance be-
tween the original and the simplified surface; the smaller the distance the better the
approximation. There are many different measures that can be used to compute this
distance. To determine qualitatively how good the simplification is a human visually
examines the simplified model. Currently computers are not able to qualitatively
measure quality; this is an open research problem. An unbiased qualitative evalua-
tion of several simplification algorithms would require a user study. We are not aware
of any such study.

Preservation and/or the simplification of a model’s topology are also important
criteria to consider when comparing simplification algorithms. Intuitively, the topol-
ogy of a model is the number of holes it has. In some applications it is desirable to
close up small insignificant holes. In other applications, like medical imaging, it is
important to maintain the topology and preserve all holes no matter how small.

The ability of an algorithm to accept non-manifold models as input and the ability
of an algorithm to preserve the manifoldness of a surface are two additional character-
istics that need to be taken into account when comparing simplification algorithms.

A surface is considered to be a two dimensional manifold if the local topology is ev-

11



erywhere homeomorphic to a disc [Lueb99, Weis98]. A homeomorphism is a function
that transforms a geometric figure into another geometric figure by an elastic defor-
mation®. Intuitively, a manifold is a surface that cuts the space into two parts, such
as a blanket. In a manifold triangular mesh every edge is shared by exactly two tri-
angles and every triangle has exactly three neighbouring triangles. If the triangular
mesh has a border then it is considered manifold if everywhere on the border the
local topology is is homeomorphic to a half-disc; some edges will only belong to one
triangle [Lueb99]. A border, or a boundary edge as it is sometimes referred to, is an
edge that is only shared by one polygon. A surface that does not meet the above
criteria for manifoldness is said to be non-manifold. It is advantageous if an algo-
rithm can accept non-manifold surfaces as input because many models, when initially
created, are non-manifold. Also, if the surface is manifold then the algorithm should
preserve this characteristic because when a manifold surface becomes non-manifold
severe visual distortions are usually introduced and some algorithms require manifold
surfaces.

The final two criteria are whether the simplification algorithm can propagate sur-
face attributes, like colour, texture, and vertex normals, from the surface of the
original model to the new surface and if border edges are preserved. This is the basic
set, of criteria that is used to compare the model simplification algorithms presented

in this chapter.

3.1.3 Summary of Simplification Algorithms

Table 3.1 summaries the algorithms reviewed in this chapter using the criteria pre-
sented in section 3.1.2. All the speed and quality comparisons presented in Table 3.1
are relative to the other algorithms listed in the table. Some algorithms are not rated
in terms of speed, quality, or both because there was not enough data to rank them.
To properly rank these algorithm their implementations need to be obtained and run
on a single machine using the same model. This was not feasible in the scope of this
thesis, but some rankings were obtained from various papers [Kalv96, Lind98b]. The
algorithm by Rossignac and Borrel [Ross93] is considered to be the fastest and pro-

duces the worst quality simplifications of all these algorithms. Thus, the algorithms
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| Class | Alg. | Spd. | Qu. | T.S. | T.0. | M.I. | M.O. [ Attr. [ Bdr. ||
Product [Ross93] | > [Low97] < [Low97] 4 4
Codes [Low97] < [Ross93] | > [Ross93] | / Vv
He95] < [Ross93] | > [Ross93] | / v
Pruning Kalv96] 4 4 4
[Hink93] v v v
[Turk92] v v
Schr92] Vv Vv Vv Vv
Pairwise Hopp93] | < [Hopp96] | > [Lind98b] 4 4
Nearest [Hopp96] | < [Lind98b] | > [Lind98b] V4 V4 Vv
Neighbour || [Garl97] | < [Ross93] | < [Lind98b] | v/ v x Vv Vv
[Lind98b] | < [Garl97] | > [Garl97] V4 Vv Vv Vv
[Cohe97] | < [Garl97] v 4 4 4
[Ronf96] ~ Vv
[Algo96] v Vv
Legend
Vv This characteristic is preserved.
x The algorithm can preserve or not preserve the characteristic. It is the user’s
decision.
= This characteristic is mostly preserved.
>[x]  The algorithm is faster or produces better simplifications than algorithm [x].
<[x]  The algorithm is slower or produces worse simplifications than algorithm [x].
Class The class the algorithm belongs to in the quantization taxonomy.
Alg.  The algorithm being compared.
Spd.  The speed of the algorithm relative to the other algorithms.
Qu. The simplification quality of the algorithm relative to the other algorithms.
T.S.  Can the algorithm simplify the model’s topology.
T.O. Can the algorithm preserve the model’s topology.
M.I.  Can the algorithm accept a non-manifold model as input.
M.O. Can the algorithm preserve the model’s manifoldness.
Attr. Can the algorithm preserve the attributes, such as colour and texture, on
the model’s surface and transfer them to the simplified model.
Bdr. Does the algorithm preserve the borders explicitly, if they exist.

Table 3.1: Summary of existing model simplification algorithms.

that are not ranked are implicitly slower than [Ross93] and produce better quality

simplifications than [Ross93].

3.1.4 Product Code Based Algorithms

Vertex clustering algorithms use product codes as the basis for simplification. These

algorithms simplify by quantizing the vertices into codebooks whose cells are of pre-

determined size. The centroid is the representative vertex and it is usually computed

13



as the mean of the vertices in a cell. A representative vertex is a vertex on the sim-
plified model and represents a set of vertices from the original. Once the centroids
are computed they are retriangulated to form the simplified model. A cell (cluster)
is a collection of vertices from the original model. The quantizer is a simple function
that maps the vertex into a cell by quantizing the vertex’s coordinates independently;
thus, Q(v) = {q(z),q(y),q(2)}. These algorithms are fast and produce low quality
simplifications, because @Q(v) is usually simple distance function that largely ignores

the surface’s geometry and topology.

Rossignac and Borrel

Rossignac and Borrel [Ross93] developed one of the first vertex clustering algorithms.
This algorithm is fast because it only has to do a linear pass through the vertices,
but produces low quality simplifications. The model is read into memory and a list
of vertices and a list of faces are created. The codebook is a three dimensional grid
that uniformly subdivides the volume of the model’s bounding box. The number of
cells depends, proportionately, on the size of the simplified model; i.e. the larger the
simplified model the more cells there are in the codebook. A pass is made through
the vertices and each vertex is quantized into the cell at that location. Afterwards the
centroid is computed for each cell and the model is retriangulated. Faces that end up
having one or two vertices are usually thrown out. The centroid can be computed in
several ways: by finding the mean of the vertices in a cell, by computing a weighted
mean of the vertices in a cell, or by taking the vertex of greatest weight. The weight
of a vertex represents its importance and may be computed in several ways; e.g. the
surface area of the surrounding faces or the largest angle between two adjacent edges.

This algorithm can accept non-manifold vertices as input, but because it mostly
ignores the geometry and topology during simplification it may create non-manifold
surfaces which can add large distortions to the simplified model. This algorithm is
able to simplify a model’s topology, which in certain applications is desirable. It is
extremely fast but produces poor quality simplifications. This algorithm does not
take into account any additional attributes on the surface and it does not explicitly

preserve border edges.
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Low and Tan

Low and Tan [Low97] improved on [Ross93] by having vertex clusters form around
important vertices rather than around locations in the model’s bounding volume.
Unlike [Ross93|, the algorithm does not uniformly subdivide the model’s volume.
Initially the vertices of the model are weighted and sorted. The weighting is done
using two criteria: the size of faces adjacent to the vertex and the probability of
the vertex lying on a silhouette. The face size criterion is determined by finding the

longest edge adjacent to the vertex. The probability of a vertex being on a model’s

9
2

silhouette is computed by taking the cos ( ), where 0 is the maximum angle, between
any two edges adjacent to the vertex. Once all the vertices have been weighted they
are sorted. The vertex with the largest weight is removed from the list; if there is a cell
at that location then the vertex is added to that cell. If multiple cells are intersecting
at that point, then the vertex is added to the cell whose centroid is closest to the
vertex. If no cell exists at that location, then a new cell is created and the vertex
becomes the centroid of the cell. The process iterates until the list is empty. The
size of the output model depends on the cell size; the larger the cell the smaller the
output model.

This algorithm has several advantages over [Ross93]. First feature edges are better
preserved because the cells are centred on vertices that make up the feature edges.
A feature edge is a ridge or a crease in a surface that contributes a significant visual
detail. Second, because the weighting of vertices is always the same, the difference
between consecutive levels of detail is smaller since cells will always be positioned at
the most important vertices. This algorithm is slower than [Ross93| because it needs
to initially weight and sort the vertices, which is an nlogn operation, but it produces

better simplifications than [Ross93|. In terms of the other comparison criteria, it is

equivalent to [Ross93].

He et al.

He et al. [He95] proposed a voxel based simplification algorithm. This algorithm
starts off by subdividing the bounding volume of the object into a regular three

dimensional grid. Then at each grid point, a low-pass filter is used to compute the
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centroid. Once all the grid points have been processed a mesh fitting technique,
marching cubes [Lore87], is employed to produce a simplified mesh. The density of
the grid and the size of the low-pass filter dictate the size of the simplified model.
Since marching cubes is known to create models with very many polygons, models
with a higher number of faces than the input may result. To avoid creating too
many triangles each voxel is limited to five triangles. To reduce distortion due to
the simplification higher detailed translucent meshes are then added on top of the
simplified surface.

An advantage of this algorithm is that it is not only applicable to polygonal models
but also to spline models, volume datasets, objects derived from range scanners, and
algebraic mathematical functions such as fractals. This algorithm is slower than
[Ross93] but produces better results. Its abilities with respect to the other comparison

criteria are equivalent to [Ross93].

3.1.5 Pruning Based Algorithms

The next class of simplification algorithms use the pruning quantization technique.
When applied to polygonal mesh simplification, pruning techniques generally pro-
duce better codebooks than product codes, and therefore the algorithms that employ
them produce better simplifications. Unfortunately the improved quality has a price;
because the pruning technique is more sophisticated than product codes, it is more
expensive to compute, and therefore the simplifications take longer to produce than
simpler product codes. These simplification algorithms work by locating relatively
planar regions in a model, approximating the relatively planar regions with a plane,
and then retriangulating the area with fewer polygons. Some of these algorithms have

trouble simplifying models that contain many sharp edges and few planar areas.

Superfaces

The Superfaces [Kalv96] algorithm simplifies a model by growing roughly planar
patches on the surface of a model until the entire surface is covered. Once the whole
surface is covered the patches are retriangulated with fewer polygons. The algorithm
performs the simplification in three stages. In the first stage the superfaces are created

or the codebook is populated; initially the codebook is empty. Faces are added to
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the codebook in the following way. A face is added to an existing cell if the face is,
1), adjacent to the patch in the cell, and 2), the face and the patch are relatively
coplanar; the patches in the resulting cells are called superfaces. If the face does not
meet the above criteria then it starts a new cell. The process stops when all the faces
in the original model have been added to the codebook.

Several criteria are used to determine relative coplanarity. The first criterion is
the distance of the superface to the original surface. This distance is determined by
computing the maximum distance between the centroid and the vertices of the faces
in the cell. The centroid is the average plane of all the faces in a cell. If adding the
face to the cell causes the distance threshold to be exceeded then the face is not added.
Another criterion is the face-axis rule that states that the angle between the normal
of the centroid and the normal of the face can not exceed a certain threshold angle.
The last criterion is the no fold-over rule. To be able to retriangulate the superface
no faces are allowed to fold onto the superface (in general this is an expensive check
and so it is not used when a superface is initially constructed). The terms fold or
fold-over describe the change in orientation of two planes; if the angle between planes
p1 and po was greater than 90 degrees and then the angle became less then 90 degrees
then it is said that p; or py has folded onto p, or p;. Once the superface is completed
it is checked for fold-over faces. If a fold-over face is found the patch is regrown
with the third criterion enforced. An optional criterion that can be used is called the
Gerrymandering check that ensures that the superfaces do not get too thin or too
long.

In the second stage the number of edges at the superface parameter is reduced.
This is accomplished by creating superedges from the boundary edges of the superface.
This procedure is similar to the one used to create the superfaces except it works on
edges. A superedge is a single edge that represents many smaller edges. The criterion
used to determine if a superedge can be created for a set of edges is if all the vertices
in the original boundary are within a certain distance of the superedge.

In the third stage the superfaces are retriangulated. The final codebook is a set
of planar patches that completely cover the original surface.

An advantage of this algorithm is that it is on average linear in the number of

faces in the model. Although the average performance of the algorithm is linear,
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the processing that needs to be done for each face gives it nlogn complexity in
the worst case. This algorithm is significantly slower than [Ross93] but produces
significantly better simplifications. It can not accept non-manifold surfaces as input
but it preserves both the topology and the manifoldness of a model. Also, it does
not handle additional surface attributes, such as colour and texture, and it does not

explicitly preserve boundary edges.

Hinker and Hansen

An algorithm similar to [Kalv96] was proposed by Hinker and Hansen [Hink93]. The
algorithm constructs near-coplanar sets of faces and then retriangulates them with
fewer polygons. As in [Kalv96| the codebook is initially empty. A face, F,, with
normal N, is selected as a starting element for a cell C,. Faces are added to C, as
long as they are adjacent to the patch in the cell and do not cause the mean normal of
the cell to exceed a user specified angular threshold between it and N,. The process
iterates until all the faces have been placed into the codebook.

Once all the faces have been added, the patch in each cell is examined to determine
if it has any holes (see Figure 3.1). If a hole is detected the faces that make up
the patch are adjusted so that the hole remains undisturbed. The patch is then

retriangulated.

/
'

No Hole Hole

Figure 3.1: A patch with and without a hole.

This algorithm is faster than [Kalv96] because the decision metric used to decide
if a face is to be added to a cell is simpler compared to the one used in [Kalv96]. This
algorithm works well on models that contain many flat surfaces, but it does not work
well on surfaces that have a great deal of high frequency curvature such as terrains
of mountain ranges. This algorithm is easily parallelizable because once a patch has

been located no external information to the patch is required to perform the other two
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stages. Its quality is comparable to that of [Kalv96]. It does not simplify a model’s
topology and explicitly preserves a model’s borders. It can not accept non-manifold
surfaces, but it preserves the manifoldness of a surface during simplification. This

algorithm does not preserve additional surface attributes.

Turk

Turk [Turk92] developed an algorithm that simplifies the surface by retiling it with
fewer polygons. The algorithm randomly sprinkles a new set of vertices onto the
original surface. The original vertices are then deleted, if possible, and the local area
around the deleted vertices is retriangulated. The simplified model consists of the
new vertices plus the original vertices that could not be deleted.

To position a new vertex an original face is selected using a random, area-weighted,
and curvature-weighted choice, then the new vertex is randomly positioned in the
face. The curvature measure is the smallest angle between the vertex normal and
an adjacent edge. The area is the area of a face. A new vertex is more likely to be
positioned in faces that are bigger and/or have high curvature at their vertices; it is
possible that a face may receive several new vertices. A global relaxation technique
is then applied to the new vertices. Each vertex repels the other vertices in its local
area forcing the vertices to be evenly distributed on the surface. To speed up the
process the repulsion forces drop of linearly with respect to distance and become zero
at a fixed radius. The repulsion force in areas of high curvature is scaled by the
inverse amount of curvature so that the vertices repel less and therefore areas of high
curvature will contain more vertices. Next, a mutual tessellation is performed on the
surface. Mutual tessellation involves the retriangulation of faces to include the new
vertices (see Figure 3.2).

Lastly, the original vertices are removed. This involves taking an original vertex
R and all vertices that share a triangle with R, call this set 7', and projecting them
onto a plane that is tangent to the surface at R (see Figure 3.3).

Several checks are performed to ensure that if R is removed the new surface will
remain valid. The first check ensures that the resulting surface around R will not
contain any folds because otherwise unwanted artifacts are created. The second check,

ensures that two surfaces will not be joined (preserving manifoldness). For example,
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Figure 3.2: Mutual Tessellation

Figure 3.3: Removal of original vertices. Key: Vertex @ € T' and Vertex ® € R.

removing the top vertex of a tetrahedron will collapse it, joining two surfaces. If
these two checks succeed then R is removed and the vertices in 71" are retriangulated
with the restriction that no new edges are to be created. When all possible original
vertices are removed the result is a simplified model. Initially the codebook starts off
with just the new vertices. In the original vertex removal stage any vertex that can
not be removed is added to the codebook. This algorithm can also create multiple
levels of detail and interpolate between them, an aspect that is discussed later.

This algorithm performs well on surfaces that have smooth curves, and which
are mostly continuous. According to Turk, this algorithm does not work as well on
surfaces that contain many edges and sharp corners, e.g. man made objects. One
aspect of model simplification that [Turk92] does not handle is additional vertex
information such as colour and texture. Since [Turk92] introduces a complete new set
of vertices it becomes difficult to propagate additional vertex information from the
original to the simplified model. No simplification speed results were presented and

therefore it is difficult to say how fast this algorithm is, but its quality is comparable
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to [Kalv96]. This algorithm requires that the input models be manifold and it also

preserves topology. The borders are not explicitly preserved.

Schroeder et al.

Schroeder et al. [Schr92] developed an algorithm that simplifies the model by pruning
away the “least important” vertices. Initially the codebook is initialized with the
vertices from the original model. In the first pass, the algorithm classifies all the
vertices based on their local geometry and topology. A vertex is classified into one
of five classes: A vertex is classified as simple if it is manifold and not a boundary
edge, and complex if it is non-manifold. If a vertex is part of a boundary then it is
considered a boundary edge. Furthermore, if a simple vertex has two adjacent faces
that have a dihedral angle smaller than some specified threshold angle then the vertex
is further classified as part of an interior edge. If there are three adjacent faces that
have a dihedral angle smaller than some specified threshold angle then the vertex is
classified as a corner.

In the second stage, the algorithm removes vertices from the original model by
traversing a list of classified vertices; the list is traversed until all possible vertices are
removed. A vertex is removed using the following criteria. If the vertex is a simple
vertex and the distance from the vertex to a mean plane is below some threshold then
the vertex is deleted and the area of all adjacent faces is retriangulated. The mean
plane is constructed using the vertex’s adjacent face normals weighted by the face
area and the mean of all the face centres. If the vertex is a boundary vertex or an
edge vertex, then the threshold is compared to the distance from the vertex to the
the new edge that would be created if this vertex were to be removed. Usually, corner
vertices are not eliminated, but if the corner is not a significant visual detail then
the distance to plane criteria is used to decide whether to remove it. The decision
to remove corner vertices is left up to the user. For each vertex removed, additional
checks are made to ensure that topology is preserved. The process stops when either
no more vertices can be removed, according to the given distance threshold, or the
number of vertices for the simplified model has been attained.

The simplification quality of this algorithm is comparable to that of [Turk92], but

it is unclear how fast it is relative to the other algorithms in its class, because no speed

21



data was published. This algorithm can accept non-manifold models as input and
it preserves topology. Since the new model consists of vertices from the original, all
the vertex information is preserved. It is not evident that additional face information
is preserved or can be preserved. This algorithm also does not explicitly preserve

borders.

3.1.6 Pairwise Nearest Neighbour Based Algorithms

The last class of polygonal mesh simplification algorithms use the Pairwise nearest
neighbour approach of quantization.

Simplification algorithms based on Pairwise nearest neighbour are similar to al-
gorithms based on pruning but are more complex and produce the highest quality
simplifications. In terms of model simplification, pairwise nearest neighbour involves
merging vertices in a polygonal mesh. These algorithms start with the codebook
consisting of all vertices in the input model. The pair that would introduce the least
distortion, if merged, is located. This pair is then merged. This process continues
until the required model size or distortion is reached. A simple distortion measure is
the distance between the vertices, but it is not often used because it does not take
into account such things as the curvature of the surface. These algorithms usually
have a complexity of nlogn.

Many algorithms add an additional constraint that only vertices that are con-
nected by an edge are merged. This constraint is useful because it helps to preserve
feature edges by guiding the simplification along these edges rather then across them.
The constraint also helps to preserve topology.

The algorithms discussed below all simplify in the same way. The primary differ-
ences between them are how they compute the distortion between cells (the cost to
merge the cells) and how they determine the centroid. In all these algorithms a cen-
troid is the representative vertex. A representative vertex is a vertex in the simplified

model and represents several vertices from the original.

Hoppe et al.

One of the first algorithms that used this simplification technique was developed by

Hoppe et al. [Hopp93]. This algorithm minimizes an energy function to compute the
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distortion and the centroid. These two computations are unified in a single equation
because they are interdependent and it is simpler to optimize both of them at the
same time. The algorithm constrains the vertex merges to vertices that are connected
by an edge and uses two additional transformations to simplify the model: edge split
and edge swap. The algorithm randomly selects an edge from a set R of possible
edges to be collapsed, split, or swapped.

The energy function used to compute the distortion and the centroid takes into

account several characteristics of the surface and consists of three parts:

S(K, V) = gdist(Ka V) + 5?811 (K) + 58pring(K’ V) (3-1)

In equation 3.1 K represents the topology, the connectivity of the surface, and
V represents the geometry, the location of the vertices. Egs (K, V) is equal to the
sum of squared distances from the vertices of the new surface to the original surface.
Erep(K) is a penalty function that penalizes meshes with large number of vertices.
Since the algorithm allows cells to be added and removed, there needs to be a term
that forces the cell count to decrease, otherwise cells would be added indefinitely. It is
not enough to minimize g5 (K, V) and &, (K) because a minimum might not exist,
so a third term, Egpring (K, V), is added to the equation to help guide the simplification
and to reach a desired local minimum. The term Epping (K, V') is a spring energy term
that places a spring of rest length zero on every edge.

The algorithm randomly selects an edge from the set R and applies one of the
three transformations. An edge collapse is applied first, then an edge swap, and finally
an edge split. If any one of them reduces the energy function the transformation is
performed and the edges affected by the transformation are added to the set R. If
none of the transformations lower the energy function the edge is removed from the set
and a new edge is selected. An edge collapse and an edge swap change the topology
of the surface, hence checks are performed on the result of a transformation to ensure
that the simplified surface still remains topologically equivalent to the original.

The location of the centroid is computed by minimizing the Egy (K, V) and
Espring (K, V') terms of the energy function.

The simplifications produced by [Hopp93] are better than the simplifications pro-
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duced by the algorithms already presented, but it is one of the slowest algorithms. The
algorithm preserves the model’s topology but no care is taken to preserve additional
surface information. This algorithm requires that the input model be manifold and
it preserves the manifoldness of the surface. In the algorithm described in the next
section the same author(s) simplify and extend this algorithm to provide the ability

to create levels of detail hierarchies and preserve additional vertex information.

Progressive Meshes

The approach taken by Hoppe in [Hopp96| is similar to [Hopp93] but has several
important differences. The algorithm still uses and minimizes an energy function to
compute the distortion, but it contains several new terms to account for additional
values at the vertices. Instead of random selection a priority queue is used to order
edge transformations, which has the benefit that all edges that cause the least amount
of distortion are collapsed first. The number of edge transformations has also been
reduce to one: edge collapse. Simplification quality is not appreciably changed. The
computation of the distortion becomes simpler because only one transformation needs

to be considered. The new energy function changes slightly from equation 3.1 to:
S(M) = gdist(M) + gspring (M) + gscalar(M) + gdisc(M) (32)

The first two terms, &€gisr (M) and Egpring (M), are identical to those in equation 3.1.
The last two terms are added to preserve vertex attributes associated with mesh M.

This algorithm produces comparable quality to [Hopp93] and is faster than [Hopp93],
but it is still considerably slower than many other simplification algorithms. This al-
gorithm also tries to preserve attributes associated with each vertex and it tries to
correct any discontinuities that may happen as the surface is simplified. This algo-
rithm preserves topology and requires the input model to be a manifold surface. It

does not explicitly preserve boundary edges.

Q i
The algorithm developed by arland and Heckbert | arl | is considerably faster

than those described in [Hopp , Hopp 3]. The algorithm merges vertices that are

connected by an edge or are within a certain threshold distance. The goal of [ arl |



is to find and merge a pair of cells such that the resulting centroid (representative
vertex) will be as close to the original surface as possible. Two cells will not be merged
if the merge will cause a face to fold over onto another face.

istortion in [ arl | is a distance measure that measures the sum of squared
distances from a vertex v to a set of planes (similar to | onf ]). ach vertex v in the
original model has an associated set of planes (polygons) these planes are ad acent
to v and the sum of squared distances between these planes and v is zero.  hen two
vertices are merged their associated plane sets are also combined.

quation 3.3 computes the sum of the squared distances from v to its associated

set of planes.
W= (v,v,v])= () (3.3)

where represents the plane defined by the equation + + +

The above equation can be rewritten as follows:

) 3.)
3.)

Thus, the distortion measure is:

() 3.)

where

(3.)

pp e
represents the set of planes for every cell. This is convenient because when cells

and are merged their respective ’s are added, . 4+ . The distortion
measure favours cells that, when merged, produce a centroid that is closest to the
original surface. or example, two vertices on a feature edge are merged before a

vertex on a feature edge and a vertex that is not on the feature edge.



The computation of the centroid in arl  is cast as a minimization problem.
The algorithm finds the centroid that is closest to all the planes in . This happens
when this is a linear problem and is quick to solve.

oundary edges and vertices are handled by placing a perpendicular plane at the
edge and weighting the distortion with a large penalty factor fold-overs are handled
in a similar fashion.

This algorithm is faster, by several orders of magnitude, than Hopp , Hopp 3.
Its simplifications are usually not as good, but are considerably better than that of

oss 3. It can simplify well those surfaces that are simplified poorly by
based algorithms. A big advantage of this algorithm is that it is possible to specify
whether or not to preserve topology. vy setting the vertex merge threshold distance
to zero the algorithm becomes a regular edge collapse algorithm and topology will be
preserved, or by setting it to a value greater than zero topology will not be preserved.
This algorithm explicitly preserves borders but does not preserve additional surface

information. Also, it expects a manifold model as input.

r i sro

The algorithm by Turk and indstrom ind b is fast and memory e cient. ike
Hopp , Hopp 3 it constrains the vertex merges to vertices with edges between them.
nlike many simplification algorithms, it does not compare the current simplified
model to the original after every simplification step. Instead, it tries to preserve the
current simplification’s geometric properties, such as volume and area, in the locality
affected by each simplification step. or example, when an edge is collapsed the local
shape of the surface usually changes and there is a corresponding change in volume,
or if there is a border edge in the local area then the border may change in length
and the local area it surrounds may change. This algorithm tries to minimize both
of these changes. The centroid is an optimization problem that tries to minimize the
change in volume and area. The distortion computation is based on the change in
volume and area computed during the centroid computation.
The optimization problem combines and solves several linear equality constraints.
Ideally only three constraints are needed, in circumstances when two or more con-

straints are linearly dependent additional constraints are added in a predetermined



order of importance. The first constraint is volume. The centroid should be placed
such that the change in volume is minimal because otherwise the surface will usually
deform. This constraint may not exist if the surface is not manifold in the local area
of the vertex merge. The next two constraints are used to maintain boundaries (bor-
ders), if they exist. This is accomplished by preserving the local area enclosed by the
boundaries. If these constraints are not enough, volume and a boundary optimiza-
tions are added that involve the minimization of an ob ective function. inally, if the
constraints still do not provide a single solution, a constraint is added that optimizes
the triangle shape. The volume and boundary optimizations are always computed
because they are used in the distortion computation.

The distortion is the weighted sum of terms minimized in the volume and boundary
optimizations. The squared length of the edge is included as a scale in the distortion
to ensure scale invariance. The triangle shape optimization is not included because
it tends to penalize edges that otherwise have low values. As with other algorithms,
simplification stops when the required size of the model is reached or no more edges
can be collapsed.

This algorithm is faster than Hopp  but slower than arl . Also, the simplifi-
cation quality is in between arl and Hopp . The algorithm preserves topology
and is able to accept non-manifold models as input. It explicitly preserves borders,
but it ignores any additional attributes, such as colour and texture, that are on the

original surface.

ohe e

ohen et al. ohe  present an algorithm that bounds surface deviation between
a simplified surface and the original, and it also minimizes the surface deviation
between consecutive levels of detail. A simplified model of size is considered to be
a specific of an original model. This algorithm also restricts the vertex
merges to those vertices that are connected by an edge. The algorithm selects the
edge that introduces the least amount of distortion (surface deviation), if collapsed,
and collapses it. The process iterates until the required model size or maximal surface
deviation is reached.

The distortion is based on the surface deviation, which is computed by enclosing



every simplified triangle, and its matching face(s) on the original model, with an axis
aligned bounding box. The larger the bounding box, the greater the deviation, and
hence the distortion. Initially the bounding boxes have no volume.

To determine the centroid location, the algorithm analyzes the cells to be merged,
and the triangles that are ad acent to the centroids of the cells. The centroids and
the ad acent triangles in the cells to be merged are pro ected onto a plane. A check is
made to make sure that no faces have folded over onto the plane. Then the centroids
are merged and a new vertex position is found using a linear programming approach.
The location of the new vertex cannot make any faces fold over onto the plane. The
new vertex is then moved in the direction of the pro ection to find the position where
this new surface deviates least from the surface created by the two cells that are being
merged. nce the position is located the new vertex becomes the centroid of a new
cell.

The algorithm maps texture coordinates from the original model to the simplified
model by taking a vertex on the simplified model, finding the corresponding texture
value on the original surface, and mapping this value onto

This algorithm is slower than arl  but produces better results. The input
model has to be manifold, but the algorithm preserves topology and texture informa-
tion that is on the original model. This algorithm does not do any explicit preservation

of border edges.

o T ossig

onfard and ossignac onf  developed an edge collapse algorithm that uses an
interesting approach for computing the centroid and the distortion. The distortion is
the maximum of two measures. The first measure measures the amount of orientation
change a face has gone through after an edge collapse. The second measure computes
the maximum distance between the centroid of a new cell and the set of planes
associated with the cell. This latter measure was later used in Slim arl |, arl
The first distortion measure is a penalty function , that ensures that the mesh
remains unfolded and smooth.  hen an edge is collapsed, the faces in the neighbour-
hood of the collapsed edge change orientation , measures this change: ,(V V')

max , where is a constant that is su ciently large so face ips are heavily



penalized, and  is the angle between the face normal before a merge and the face
normal after a merge.

The second distortion measure is a is a geometric error function . that measures
the distance of vertices as they move perpendicular to the original surface. very
vertex in the original model has a set of ad acent faces. Initially the distance from
a vertex to its planes is zero.  hen cells are merged their plane sets are combined
and the distance from the centroid to each of the planes is computed. The geometric
error function . is the maximum of these distances.

Initially the location of the centroid is selected as one of the positions of the
two vertices being merged eg. V. V (V V),V is used by .. After the
merge, the location of the centroid V' is optimized by applying the quadric vertex
placement technique already described for arl . onfard and ossignac onf
acknowledge that it would be more elegant to include this optimization into the
distortion computation.

This algorithm is slower than  oss 3, but it is unclear what is its speed relative
to the algorithms in its class since speed results were not published. Its quality seems
to be comparable to the other edge collapse algorithms. This algorithm only accepts
manifold surfaces as input. It is able to simplify topology and it is unclear if it
preserves the manifoldness of a surface since there seems to be a possibility of faces

ipping, even if  is set su ciently high. This algorithm does not explicitly preserve

borders and it does not preserve additional surface attributes.

gorri h i
The algorithm developed by Algorri and Schmitt Algo  combines the with
the approaches. This algorithm simplifies an ob ect in

four steps. In the first step, the entire model is scanned and edges are swapped if the
result will atten and smooth the mesh. The second step classifies all the vertices.
A vertex is classified by the number of feature edges ad acent to it. A vertex in a
planar region has a classification value of zero. A vertex lying on a feature edge has a
classification value of two, and a corner has a classification value of three. ext, these
classification numbers are used to create clusters. lusters with classification value

of zero are simplified first because these are roughly planar surfaces.  ithin each



cluster the simplification is accomplished by applying a

based algorithm. The distortion is the edge length and the centroid is the mean of
the centroids of the cells being merged. This is a fast and easy approach but it has
drawbacks. otential edge collapses are not performed because the mean position
might cause a face to fold over, this is not permitted and other possible locations are
not examined.  hen all the zero valued clusters have been simplified the edge (two
valued) clusters are analyzed. If the angle between two feature edges that oin at an
edge vertex is less than a certain threshold then the vertex is slid along the feature edge
and placed on one of the existing vertices on the feature edge i.e. V.. (V' V). The
last step involves removing isolated vertices. These vertices are left in the middle of a
planar region because cell merges always leave one vertex in a planar cluster. These
vertices are removed and the cluster is retriangulated.

It is di cult to tell how fast this algorithm is relative to the other algorithms that
use the approach because speed results were not published.
This algorithm is slower than oss 3 and produces comparable results to the rest
of the algorithms in the class. The algorithm expects to
have a manifold model as input and it preserves the topology of the model. It does

not explicitly preserve borders and it ignores all additional surface attributes.
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